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Abstract The equivalence between a higher derivative
extension of Maxwell–Chern–Simons–Proca model and
some gauge invariant theories from the point of view of the
Hamiltonian path integral quantization in the framework of
the gauge-unfixing approach is investigated. The Hamilto-
nian path integrals of the first-class systems take manifestly
Lorentz-covariant forms.
1 Introduction
The quantization of a second-class constrained system can
be achieved by the reformulation of the original theory as
a first-class one and then quantizing the resulting first-class
theory. This quantization procedure was applied to various
models [1–18] using a variety of methods to replace the orig-
inal second-class model to an equivalent model in which only
first-class constraints appear. The conversion of the original
second-class system into an equivalent gauge invariant the-
ory can be accomplished without enlarging the phase space,
starting from the possibility of interpreting a second-class
constraints set as resulting from a gauge-fixing procedure of
a first-class constraints one and “undo” gauge-fixing [19–23].
The gauge-unfixing method relies on separating the second-
class constraints into two subsets, one of them being first-
class and the other one providing some canonical gauge con-
ditions for the first-class subset. Starting from the canon-
ical Hamiltonian of the original second-class system, we
construct a first-class Hamiltonian with respect to the first-
class subset through an operator that projects any smooth
function defined on the phase space into an application that
is in strong involution with the first-class subset. Another
method to construct the equivalent first-class theory relies on
an appropriate extension of the original phase space through
the introduction of some new variables. The first-class con-
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straints set and the first-class Hamiltonian are constructed as
power series in the new variables [24–27]. Various aspects
of the equivalence [28] between the self-dual model [29]
and the Maxwell–Chern–Simons (MCS) theory [30,31] have
been studied using one of the two methods mentioned in
the above [17,32–34]. A generalization of the Proca action
for a massive vector field with derivative self-interactions in
D = 4 has been constructed in [35]. In [36–40] one finds
higher derivative extensions that involve the Maxwell and/or
Chern–Simons (CS) terms [28–30]. The Lagrangian of such
model is the sum of Maxwell, CS, and higher derivative
extensions of these terms. The generalized MCS-Podolsky
model [38,41] is a such theory and was introduced in order
to smooth ultraviolet singularities. Starting from the obser-
vation that the study of Einstein–Chern–Simons–Proca mas-
sive gravity (ECSPMG) (the Lagrangian of ECSPMG is the
sum of the Einstein, (third derivative order) CS and Proca-
like mass terms) [42] is often accompanied [39,40,43] by
the analysis of the MCS–Proca model (a non-higher deriva-
tive model) [37,38,43–45], we consider a model described
by Lagrangian action containing the Maxwell term, a higher
derivative extension of the CS topological invariant [36], and






















and we investigate from the point of view of the Hamil-
tonian path integral quantization using the gauge-unfixing
(GU) approach the previous higher derivative extension of
the MCS–Proca model. The choice of the extended MCS–
Proca (MECS–Proca) model will become more transparent
in Sect. 3.1, where we will find that the extended MCS–Proca
(MECS–Proca) model and the ECSPMG theory have simi-
larities regarding the number of physical degrees of freedom
and the presence of ghosts and tachyon excitations. In order
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to construct an equivalent first-class system starting from the
MECS–Proca model in the framework of the GU approach,
we need to know the structure of the constraints set of the






, the canonical analysis will be
done by a variant of Ostrogradsky method [46–51] devel-
oped in Ref. [52], based on an equivalent first order formal-
ism [53,54] and applied to a number of particle and field
theoretic models [52,55–57]. The Hamiltonian analysis of a
higher derivative extension of a theory displays a constraints
set with a more complicated structure than the constraints
set of the usual theory (where the Lagrangian is a function of
the fields and their first derivatives only). The separation of
a second-class constraints set with a complicated structure
in two subsets (one of them being first-class and the other
one providing some canonical gauge conditions for the first-
class subset) is an intricate issue. In general, in the structure
of the constraints set of the higher derivative extension we
find a reminiscence of the structure of the constraints set
of the usual theory. In order to make the approach of the
MECS–Proca model more transparent, initially we consider
the MCS–Proca model and we apply the quantization proce-
dure mentioned in the above. Next, we focus on the Hamil-
tonian analysis of the MECS–Proca model and the construc-
tion of the equivalent first-class system using gauge-unfixing
method. Then we construct the Hamiltonian path integral of
the equivalent first-class system. After integrating out the
auxiliary fields and performing some field redefinitions, we
discover the manifestly Lorentz-covariant path integral cor-
responding to the Lagrangian formulation of the first-class
system, which reduces to the Lagrangian path integral for a
Stückelberg coupling between a scalar field and a 1-form or
to the Lagrangian path integral for two kinds of 1-forms with
CS coupling.
The paper is organized in four sections. In Sect. 2, starting
from MCS–Proca model we construct an equivalent first-
class model using gauge-unfixing method and meanwhile
we obtain the path integral corresponding to the first-class
system associated with this model. Section 3 contains the
main results of the present paper. First, we perform a Hamil-
tonian analysis and study the excitations and mass counts of
the MECS–Proca model. Second, we exemplify in detail the
gauge-unfixing method on the MECS–Proca model and then
we construct the path integral of the equivalent first-class sys-
tem associated with this second-class theory. Section 4 ends
the paper with the main conclusions.
2 The MCS–Proca model
















where a and b are some real constants. We work with the
Minkowski metric tensor of ‘mostly minus’ signature σμν =
diag(+ − −). The canonical analysis [58,59] of the model
described by the Lagrangian action (2) displays the second-
class constraints (scc)
χ(1) ≡ p0 ≈ 0, (3)
χ(2) ≡ ∂i pi − bε0i j∂i A j − m2 A0 ≈ 0, (4)








i − A0∂i pi + a
4
∂[i A j]∂ [i A j]
+ bε0i j A0∂ i A j + b
a
ε0i j A












where pμ are the canonical momenta conjugated with the
fields Aμ. The number of physical degrees of freedom [21]
of the original system is equal to
NO = (6 canonical variables − 2 scc) /2
= 2. (6)
The same result, with respect to the number of degrees of
freedom, is obtained in Refs. [43,44]. Moreover, in Refs.
[43,44] it is shown that the MCS–Proca model describes a
topological mass mix with two massive degrees of freedom,
with masses
√
b2 + m2 ± |b|.
According to the GU method, we consider the constraint
(4) as the first-class constraint (fcc) and the remaining con-
straint (3) as the corresponding canonical gauge condition.
Further, we redefine the first-class constraint




i − bε0i j∂i A j − m2 A0
)
≈ 0. (7)
The other choice, considering the constraint (3) as the first-
class constraint and the constraint (4) as the corresponding
canonical gauge condition, yields a path integral that can-
not be written (after integrating out auxiliary variables) in a
manifestly covariant form [11,14]. The next step of the GU
approach is represented by the construction of a first-class
Hamiltonian with respect to the constraint (7),
HGU = Hc − χ(1)[G, Hc] + 1
2
χ(1)χ(1)[G, [G, Hc]] − · · · .
(8)
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∂ i p0 + mAi
)]
. (9)
It can be verified that the Hamiltonian gauge algebra relation
is given by
[G, HGU ] = 0. (10)











pi + bε0i j A j
)
+ ∂i A0 + 1
m2
∂i	, (12)
p˙0 = ∂i pi − bε0i j∂i A j − m2 A0 − 	, (13)
















where 	 is an arbitrary function. Under the canonical gauge
condition p0 ≈ 0 (	 = 0), Eqs. (11)–(14) return to the
equations of motion for the MCS–Proca model. The number
of physical degrees of freedom of the GU system is equal to
NGU = (6 canonical variables − 2 × 1 fcc)/2
= 2 = NO . (15)
The original second-class theory and, respectively, the gauge-
unfixed system are classically equivalent since they possess
the same number of physical degrees of freedom and, more-
over, the corresponding algebras of classical observables are
isomorphic. Consequently, the two systems become equiva-
lent at the level of the path integral quantization, which allows
us to replace the Hamiltonian path integral of the MCS–Proca

































’ associated with the
model subject to the first-class constraint (7) includes some
suitable canonical gauge conditions and it is chosen such that
the path integral (16) is convergent [60].
Using in the path integral the notation
A¯0 = A0 + 1
m2
λ (17)
and performing partial integrations over the momentum pi







∂[i A j]∂ [i A j] − a
2
(




∂0 Ai − ∂ i A¯0
)
− bε0i j A¯0∂ i A j





















∂0 p0 + m A¯0
)]
. (18)











∂μϕ − m A¯μ
) (







and describes a Stückelberg coupling
between the scalar field ϕ and the 1-form A¯μ [61]. The scalar
field ϕ plays the role of the Stückelberg scalar. Using the
extended phase space method [24–27] in [3–5,9,10] a similar
result (for a = 0 or b = 0) has been obtained. The extra
field of the extended phase space method was identified with
Stückelberg scalar. In contrast, in the GU approach we find
that to Stückelberg scalar corresponds − 1m p0, where p0 is
canonical momentum conjugated with the original field A0.
In the following we prove that starting from the Hamil-
tonian path integral of the gauge system (19) with a suit-
able gauge we recover the MCS–Proca model. The canonical
analysis of the model described by the Lagrangian action (2)
displays the first-class constraints,









i − A0∂i pi + a
4
∂[i A j]∂ [i A j]
+ bε0i j A0∂ i A j + b
a
ε0i j A







p2 + mA0 p + 1
2
(∂iϕ − mAi )
(





526 Page 4 of 14 Eur. Phys. J. C (2015) 75 :526






C1 ≡ ϕ ≈ 0, C2 ≡ −p + mA0 ≈ 0, (22)
as the unitary gauge-fixing conditions, the Hamiltonian path
























pμ + (∂0ϕ) p − H
]}
. (23)
Integrating over the momentum p0 and fields {ϕ, A0} and
representing δ
(
∂i pi − bε0i j∂i A j − mp
)












































i A j − b
a
ε0i j A














i − bε0i j∂i A j − mp
) ]}
. (25)
Performing in the path integral the notation
A0 = 1
m
p + λ, (26)







































i − bε0i j∂i A j − mp
) ]}
. (27)
After integration over the momenta pi and p, we find that




















The MCS–Proca model can be correlated to another first-
class theory whose field spectrum comprise two types of 1-
form gauge fields. For this purpose we consider the following
fields/momenta combinations:
Pi ≡ pi + bε0i j A j , Fi ≡ Ai + 1
m2
∂i p0, F0 ≡ A0,
(29)
which are in (strong) involution with the first-class constraint
(7),
[Pi , G] = [Fi , G] = [F0, G] = 0. (30)
We observe that the first-class Hamiltonian (9) can be written





































j + O (G) , (33)
and that it is divergenceless,
∂μFμ = 0. (34)





, we can write the solution to the Eq. (34)
as




When we replace the solution (35) in the first-class constraint




∂ i pi − bε0i j∂ i A j + mε0i j∂ i V j
)
≈ 0, (36)
and remains first-class. From the gauge transformation of the
quantity ∂i p0, we obtain
∂i p0 = mε0i j P j . (37)
Using Eqs. (35) and (37) in the first-class Hamiltonian (9),







∂[i A j]∂ [i A j] − 1
4




pi + bε0i j A j
) (
pi + bε0ik Ak
)
123





















k − bε0kl∂k Al + mε0kl∂kV l
) ]
. (38)
In this moment we have a dynamical system with the phase
space locally parameterized by
{
Ai , pi , Vμ, Pμ
}
, subject to
the first-class constraint (36) and too many degrees of free-
dom
N ′GU = (10 canonical variables − 2 × 1 fcc)/2
= 4 = NGU . (39)
In order to cut the two extra degrees of freedom, we impose in
addition to the first-class constraint (36) two supplementary
first-class constraints,
−∂i Pi ≈ 0, P0 ≈ 0, (40)
and we obtain a first-class system with a right number of
physical degrees of freedom,
N ′GU = (10 canonical variables − 2 × 3 fcc)/2
= 2 = NGU . (41)
Since the number of physical degrees of freedom is the same
for both first-class theories and for each of them we are able to
identify a set of fundamental classical observables such that
they are in one-to-one correspondence and possess the same
Poisson brackets, the first-class theories are equivalent. As a
result, the GU and the first-class systems remain equivalent
also at the level of the Hamiltonian path integral quantization.
This further implies that the first-class system is completely
equivalent with the original second-class theory. Due to this
equivalence we can replace the Hamiltonian path integral of


















(∂0 Ai ) p
i + (∂0Vμ) Pμ






i − bε0i j∂ i A j + mε0i j∂ i V j
) ]}
. (42)
If we perform in the path integral the partial integrations over{
V 0, pi , Pμ, λ(2)
}









, V¯0 = λ(1), (43)











∂0 Ai − ∂i A¯0
) (
∂0 Ai − ∂ i A¯0
)
− bε0i j A¯0∂ i A j − bεi0 j Ai∂0 A j − bεi j0 Ai∂ j A¯0
+ 1
4





∂0V i −∂ i V¯ 0
)












∂[μ A¯ν]∂ [μ A¯ν] − bεμνρ A¯μ∂ν A¯ρ
+ 1
4












(45) associated with the first-class system describes a CS
coupling between the two 1-forms, A¯μ and V¯μ [62].
3 The higher derivative MCS–Proca model
3.1 Hamiltonian analysis of the MECS–Proca model
The starting point of the approach developed in [52] con-
sists in converting the original higher derivative theory to
an equivalent first order theory by introducing new fields to
account for higher derivative terms. To pass from the higher
derivative theory to a first order one, we define the variables
Bμ as
Bμ = ∂0 Aμ, (46)
and enforce the Lagrangian constraints
Bμ − ∂0 Aμ = 0, (47)
by the Lagrange multiplier ξμ
L = −a
4
∂[i A j]∂ [i A j] − a
2
(Bi − ∂i A0)
(







0 + ∂k∂k A0
)





















μ + ξμ (Bμ − ∂0 Aμ) . (48)
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, pμ = ∂L
∂ A˙μ
, πμ = ∂L
∂ B˙μ
, (49)
we obtain the primary constraints,
(ξ)μ ≡ μ ≈ 0, (50)
(A)μ ≡ pμ + ξμ ≈ 0, (51)

(B)





B j − ∂ j A0
)
≈ 0, (52)
(B) ≡ π0 − 1
2b
ε0i j∂
i A j ≈ 0. (53)
















′(B) ≡ π0 − 1
2b
ε0i j∂
i A j − 1
2b
ε0i j∂
i j ≈ 0, (55)



















2(x − y). (57)


















































and the total Hamiltonian is




u(ξ)μ(ξ)μ + u(A)μ (A)μ





u(ξ)μ, u(A)μ , u(B)i , u(B)
}
are Lagrange multipliers.
The consistency of the primary constraints (50), (51),
(54) leads to the determination of the Lagrange multipliers{
u(ξ)μ, u(A)μ , u(B)i
}
, while the consistency of the remaining








i B j ≈ 0. (60)








k∂ i A j ≈ 0. (61)




I V ≡ m2∂i Ai + m2B0 ≈ 0. (62)
The consistency condition of the quartic constraint (B)I V ≈ 0
determines the multiplier u(B) and no more new constraint is
produced.
The constraints (50), (51), (54), (55), and (60)–(62) are
second-class and irreducible. The nonzero Poisson brackets











= −δ0μδ2(x − y), (64)[
(ξ)μ (x),
(B)
I I I (y)
]
x0=y0
= δiμ∂iδ2(x − y), (65)[
(A)0(x),(B)I I I (y)
]
x0=y0
= −m2δ2(x − y), (66)
[








































jδ2(x − y). (71)
The number of physical degrees of freedom of the original
system is equal to
¯NO = (18 canonical variables − 12 scc)/2
= 3. (72)
We notice that the number of physical degrees of freedom
of the extended model is higher than the number of physical
degrees of freedom of the MCS–Proca model,
¯NO > NO , (73)
This result was expected due to the higher derivative nature of
the MECS–Proca model. In addition the number of physical
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degrees of freedom of MECS–Proca model coincides with
that of the ECSPMG theory.
The analyze of the excitations and mass counts of the
MECS–Proca model reveal the fact that if the sign of the
Maxwell term is the usual one then the excitation masses will
be complex, with the wrong sign the reality of the excitation
masses will be restored for a known condition satisfied by
parameters b and m, but the model faces ghost problems. The
action (1) can be rewritten in terms of the transverse operator
θμν = σμν− ∂μ∂ν , longitudinal operators ωμν =
∂μ∂ν
 and the











a − m2) θμν −m2ωμν + 1bSμν . The prop-
agator in the momentum space for the MECS–Proca model
is
Pμν = − ak
2 + m2(















Taking into consideration that only the θ -component of the
propagator,
P(θ) = − ak
2 + m2(




contributes to the current–current transition amplitude, we
study the residues at each simple pole of the P(θ) [39,40].


















For a = 1 (Maxwell’s term with the usual sign) the discrim-
inant is less than zero and the equation has one real root and
two complex conjugate roots. Also, for a = −1 (Maxwell’s




≥ 274 . In the limit case b
2
m2
= 274 the roots coalesce
and are
k21 = k22 = 4k23 = 3m2. (79)
Therefore, if a = −1 and b2
m2
> 274 the equation has three
distinct real roots. In [42] (see also [43]) Eq. (77) for a =
−1 was obtained from the pole propagator of the ECSPMG
model, where it was noted that if b
2
m2
> 274 then the three
distinct real roots are all positive. The absence of the tachyons
in a theory is provided by the existence of only positive poles,
and consequently the MECS–Proca model is free from the
tachyons for a = −1 and b2
m2
> 274 . After the analyze of the
signs of the residues at each simple pole of θ -component of
the propagator, we see that not all residues have the same sign.
The signs of the residues at each simple pole of θ -component
of the propagator tell us whether the ghosts excitations arise
and therefore the MECS–Proca model is plagued by ghosts.
We notice that the same problems from the ECSPMG theory
about the presence of ghosts and tachyon excitations are also
present here, in the MECS–Proca model.
3.2 The construction of the first-class system
Imposing the requirement of the constraints (50)–(51) to
be strongly zero and eliminating the unphysical sector
{ξμ,μ}, the reduced phase space being locally parame-
terized by
{
Aμ, Bμ, pμ, πμ
}
, we arrive at a system subject
to the second-class constraints,
χ
(1)





B j − ∂ j A0
)
≈ 0, (80)
χ(1) ≡ π0 − 1
2b
ε0i j∂
i A j ≈ 0, (81)
χ(2) ≡ −p0 − 1
2b
ε0i j∂
i B j ≈ 0, (82)
χ(3) ≡ −∂i pi + m2 A0 − 1
2b
ε0i j∂k∂
k∂ i A j ≈ 0, (83)
χ(4) ≡ m2∂i Ai + m2B0 ≈ 0, (84)











































The nontrivial Poisson brackets between the constraint func-






































= −m2∂k∂kδ2(x − y). (90)
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If we make the linear combination of the constraints χ(2) ≈ 0
and χ(1)i ≈ 0
χ¯ (2) = χ(2) + ∂ iχ(1)i ≈ 0, (91)






bε0i j 0 0 0 0
0 0 0 0 −m2
0 0 0 m2 0
0 0 −m2 0 −m2∂k∂k
0 m2 0 m2∂k∂k 0
⎞
⎟⎟⎟⎟⎠ . (92)
We notice that the constraints χ(1)i ≈ 0 generate a submatrix
(of the matrix of the Poisson brackets among the constraints
functions) of maximum rank, therefore they form an indepen-
dent subset of second-class constraints. Thus in the sequel we
examine from the point of view of the GU method only the
constraints χA ≡
{
χ(1), χ¯ (2), χ(3), χ(4)
} ≈ 0.
The second-class constraints set χA ≈ 0 cannot be
straightforwardly separated in two subsets such that one of
them being first-class and the other providing some canoni-
cal gauge conditions for the first-class subset. To make this
possible, we write the constraints set in an equivalent form
χ ′A = EABχB, (93)










0 1 0 0
−1 0 0 0




The concrete form of the constraints χ ′A ≈ 0 is




i − m2 A0 + ∂k∂kπ0
)
≈ 0, (95)
χ ′(2) ≡ −p0 + ∂iπ i ≈ 0, (96)
χ ′(3) ≡ −π0 + 1
2b
ε0i j∂
i A j ≈ 0, (97)
χ ′(4) ≡ ∂i Ai + B0 ≈ 0, (98)





0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
⎞
⎟⎟⎠ . (99)
Examining the structure of the constraints set (95)–(98) we
notice that, in the constraints χ ′(1) ≈ 0 and χ ′(2) ≈ 0,
we find a reminiscence of the structure of the constraint
set of the MCS–Proca model (3)–(4), while the constraints
χ ′(3) ≈ 0 and χ ′(4) ≈ 0 have no counterparts. It was





α0=1,2M0 , the subsets{




χ1, χ2, . . . , χM0−1, χM0+1
}
of the
full set of constraints are first-class sets on 2M0 . According
to the above, we consider the subset Ga ≡
{
χ ′(1), χ ′(3)
}
as
the first-class constraint set and the remaining constraints,
Ca ≡
{
χ ′(2), χ ′(4)
}
, as the corresponding canonical gauge
conditions.
Starting from the canonical Hamiltonian of the original
second-class system we construct a first-class Hamiltonian
with respect to the first-class subset in two steps [22]. First,
we construct the first-class Hamiltonian with respect to the
constraint G1 ≈ 0
H1GU = Hc − C1 [G1, Hc] +
1
2



































and then, with this at hand, we obtain the first-class Hamil-
tonian with respect to the constraint G2 ≈ 0

































The Hamiltonian gauge algebra relations are given by
[G1, HGU ] = [G2, HGU ] = 0. (102)
The equations of motion are































i − m2 A0 + 	1, (105)
123
Eur. Phys. J. C (2015) 75 :526 Page 9 of 14 526
p˙i = a∂ j∂ [ j Ai] − 1
2b
ε0i j∂k∂























B˙i = −abε0i j
(








∂i B0 − bε0i j p j
− ∂i∂ j
[













i B j (109)
where 	1 and 	2 are some arbitrary functions. Under the
gauge-fixing conditions




i B j ≈ 0 (111)
(	1 = 0 and 	2 = ∂i Bi ), Eqs. (103)–(109) return to the
equations of motion for the MECS–Proca model.
The number of physical degrees of freedom of the dynam-
ical system with the phase space locally parameterized by{
Aμ, Bμ, pμ, πμ
}
, subject to the second-class constraints
(80) and first-class constraints (95) and (97) is equal to
¯NGU = (12 canonical variables − 2scc − 2 × 2 fcc)/2
= 3 = ¯NO . (112)
3.3 Stückelberg coupling
Based on the equivalence between the first-class system and
the original second-class theory, we replace the Hamiltonian
path integral of the MECS–Proca model with that of the first-
class system. The Hamiltonian path integral of the first-class
















































where the integration measure ‘μ
([Aμ], [Bμ])’ includes
some suitable canonical gauge conditions. Performing par-
tial integration over the momenta πi in the path integral, we











0i j (Bj − ∂ j A0) − a
4
∂[i A j]∂ [i A j]
− a
2
(Bi − ∂i A0)
(

































































Integration over pi leads to a δ function of the form
δ
(






which permits calculation of the integral over Bi . Performing
a partial integration over the Lagrange multiplier λ(2) and π0,













∂[i A j]∂ [i A j] − a
2
[
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Using the notation





ε0i j∂i∂0 A j
)




and integrating over the Lagrange multiplier λ(1), the argu-
ment of the exponential from the Hamiltonian path integral



















∂μϕ − m A¯μ
) (







, and describes a Stückelberg coupling
between the scalar fieldϕ and the 1-form A¯μ. It is obvious that
(118) is a higher derivative extension of the result obtained in
the previous section (a higher derivative extension involving
the CS term). Similar to MCS–Proca model, we find that
to the Stückelberg scalar corresponds a combination of the
original fields Ai and momentum p0.
The canonical analysis of the model described by the
Lagrangian action (118) displays the constraints (the phase
space is locally parameterized by
{
Aμ, pμ, Bμ, πμ, ϕ, p
}
)




B j − ∂ j A0
)
≈ 0 (119)
G1 ≡ π0 − 1
2b
ε0i j∂
i A j ≈ 0, (120)
G2 ≡ −p0 + ∂iπ i ≈ 0, (121)
G3 ≡ −∂i pi + mp − 1
2b
ε0i j∂k∂








∂[i A j]∂ [i A j] + a
2
(Bi − ∂i A0)
(
























∂ j A0 − pμBμ − 1
2
p2
+mA0 p + 1
2
(∂iϕ − mAi )
(
∂ iϕ − mAi
) ]
. (123)
The constraints (119) are second-class and the other three
constraints are first-class. In order to recover the MECS–
Proca model we chose the gauge conditions





,′=1,3 form a second-class con-
straints set and the Hamiltonian path integral is convergent.























+ (∂0ϕ) p − H
]}
. (125)
We integrate over the momenta {πi , π0, p0} and fields
{ϕ, A0} and represent δ
(−∂i pi + mp − 12b ε0i j∂k∂k∂ i A j
)
in











k∂ i A j
)}
. (126)



















(∂0 Ai ) p
i − 1
2b
































−∂i pi + mp − 1
2b
ε0i j∂k∂
k∂ i A j
)]}
. (127)
Integration over pi leads to a δ function of the form
δ (∂0 Ai − Bi − ∂iλ) , (128)
which permits calculation of the integral over Bi . After inte-
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Using the notation A0 = λ the argument of the exponential
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3.4 Chern–Simons coupling
In the sequel we show that the MECS–Proca model may be
related to another first-class theory. Starting from the GU
system constructed in the above, subject to the second-class
constraints (80), the first-class constraints (95) and (97) and
whose evolution is governed by the first-class Hamiltonian
(101), we consider the following fields/momenta combina-
tions:




p0 − ∂ jπ j
)
, (131)
Pi ≡ pi − 1
2b
ε0i j∂k∂
k A j − 1
2b
ε0i j∂
j B0, Bi ≡ Bi ,
(132)
which are in (strong) involution with first-class constraints
Ga ≈ 0
[F0, Ga] = [Fi , Ga] = [Pi , Ga] = [Bi , Ga] = 0, (133)
and, moreover, Fμ ≡ {F0,Fi } is divergenceless on the








Similarly to the case of the MCS–Proca model, the first-class















































Enlarging the phase space by adding the bosonic pairs{
Vμ, Pμ
}
, the solution to Eq. (134) takes the form










i + mε0i j∂ i V j + ∂k∂kπ0
)
≈ 0, (137)
and it remains first-class. Computing the Poisson bracket
among the quantity ∂i p0 and the first-class constraint (95)
and the Poisson bracket between Pi and (137), we see that
these two quantities are correlated through the relation
∂i p0 = mε0i j P j . (138)




































































































0∂ j Bk + pi Bi
}
. (139)
If we count the number of physical degrees of freedom of
the system with the phase space locally parameterized by{
Ai , Bμ, Vμ, pi , πμ, Pμ
}
subject to the second-class con-
straints (80), first-class constraints (97) and (137) and whose
evolution is governed by the first-class Hamiltonian (139),
we obtain
¯N ′GU = (16 canonical variables − 2scc − 2 × 2 fcc)/2
= 5 = ¯NGU . (140)
Imposing the first-class constraints
−∂ i Pi ≈ 0, P0 ≈ 0, (141)
the number of physical degrees of freedom is conserved
¯N ′GU = (16 canonical variables − 2scc − 2 × 4 fcc)/2
= 3 = ¯NGU . (142)
For each first-class theory, derived in the above, we are able
to identify a set of fundamental classical observables such
that they are in one-to-one correspondence and they possess
the same Poisson brackets. Since the number of physical
degrees of freedom is the same for both theories and the cor-
responding algebras of classical observables are isomorphic,
the previously exposed procedure preserves the equivalence
between the two first-class theories. As a result, the GU and
123
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the first-class system remain equivalent also at the level of the
Hamiltonian path integral quantization. This further implies
that the first-class system is completely equivalent with the
MECS–Proca model. Due to this equivalence we can replace
the Hamiltonian path integral of the MECS–Proca model





Ai , Bμ, V
μ, pi , πμ, Pμ, λ
′s
)























(∂0 Ai ) p
i















+ λ(3)∂ i Pi − λ(4)P0
]}
. (143)
After a partial integration over the momenta πi in the path
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+ λ(3)∂ i Pi − λ(4)P0
}
. (144)
Integration over pi leads to a δ function of the form
δ
(






which permits calculation of the integral over Bi . Performing





, the argument of the



































































































, V¯0 = λ(3), (147)
the argument of the exponential from the Hamiltonian path















∂ν A¯ρ + 1
4
∂[μV¯ν]∂ [μV¯ ν]











. The above func-
tional describes a CS coupling between the 1-form A¯μ and
the 1-form V¯μ, and it is a higher derivative extension of the
functional (45).
4 Conclusions
In this paper, the MCS–Proca model has been analyzed from
the point of view of the Hamiltonian path integral quantiza-
123
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tion, in the framework of gauge-unfixing approach. The same
quantization procedure was applied to a higher order deriva-
tive extension of MCS–Proca model. The first step of this
approach is represented by the construction of an equivalent
first-class system. In order to construct the equivalent first-
class system with the MECS–Proca model, we performed
a partial gauge-unfixing (we maintained the second-class
constraints (80)); meanwhile, in the case of the MCS–Proca
model, we accomplished a total gauge-unfixing. Both mod-
els did not require extensions of the original phase space
in order to construct the equivalent first-class systems. The
second step involved the construction of the Hamiltonian
path integral corresponding to the equivalent first-class sys-
tem for each model. The Hamiltonian path integral of the
first-class systems took a manifestly Lorentz-covariant form,
after integrating out the auxiliary fields and performing some
field redefinitions. Starting from the Hamiltonian path inte-
gral of the equivalent non-higher derivative first-class system,
we arrived at the Lagrangian path integral corresponding to
Stückelberg coupling between a scalar field and a 1-form
or for an appropriate phase space extension we identified
the Lagrangian path integral for two kinds of 1-forms with
CS coupling (a non-higher order derivative term). The results
obtained in the case of MECS–Proca model are higher deriva-
tive extensions (involving the CS term) of the results obtained
in the case of MCS–Proca model.
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